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On the extremal function of the modulus of a foliation
Malgorzata Ciska-Niedzialomska
Abstract. We investigate the properties of the modulus of a foliation on a
Riemannian manifold. We give necessary and suﬃcient conditions for the
existence of the extremal function and state some of its properties. We
obtain an integral formula which, in a sense, combines the integral over
the manifold with the integral over the leaves. We state a relation between
the extremal function and the geometry of the distribution orthogonal to
a foliation.
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1. Introduction. In 1950 Ahlfors and Beurling [1] introduced a conformal in-
variant called the extremal length of a family of curves in the plane. Its inverse,
called the modulus, plays a major role in the theory of quasiconformal maps.
The modulus was generalized to p-modulus of families of measures by Fu-
glede [8] and, in particular, to families of Lipschitz surfaces. In the same paper
Fuglede used the notion of p-modulus to show completeness of certain classes
of functions related to vector analysis. This approach allowed to deﬁne the
notion of Sobolev spaces on metric measure spaces [12]. On the other hand,
the p-modulus of families of curves is related to the notion of p-capacity of a
condenser. The latter is a fruitful tool in potential theory and partial diﬀer-
ential equations. It is surprising that the conformal invariance of p-capacity
for certain choice of p led Ferrand to prove a result on the group of conformal
maps on Riemannian manifolds [6].
This article is based on a part of the author’s PhD Thesis [11]. The author wishes to thank
her advisor Professor Antoni Pierzchalski who suggested the problem under consideration
in this paper and for helpful discussions. The author wishes to thank Kamil Niedzialomski
for helpful discussions that led to improvements of some of the theorems. In addition, the
author wishes to thank anonymous referee for many useful comments, especially the ones
included in Remark 3.
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One can show that the q-capacity of a condenser (where q is the coeﬃcient
conjugate to p) equals the q-modulus of the family of curves joining plates
of the condenser and is the reciprocal to the p-modulus of the hypersurfaces
separating the plates [9,13]. Among these surfaces, there is the “smallest”
family of surfaces which realizes the modulus. It is given by the level sets of
the function realizing the q-capacity. Thus this family forms a foliation on the
condenser. Moreover, there is a function, called extremal, which realizes this
modulus, and the integral of the function on each leaf of the obtained foliation
is equal to one [13].
In this short article, we consider a general case of a foliation on a Riemann-
ian manifold. We study properties of the extremal function for the p-modulus
of a foliation. The majority of results in this paper is obtained under the as-
sumption of existence of the extremal function. We give necessary and suﬃcient
conditions for existence of this function (Theorem 3). In particular, we con-
sider foliations given by the level sets of a submersion (Corollary 6). Moreover,
we state some properties of the extremal function.




ϕdμLx , x ∈ M,
for any ϕ ∈ Lp(M), where Lx is the leaf of F through x. The main result is





fp0 ϕˆ dμM , (1)
where f0 is the extremal function for the p-modulus and ϕ ∈ Lp(M). Moreover,
we show that (1) implies that f0 is extremal. Using (1), we obtain some results
concerning the geometry of a foliation. Namely, the tangent gradient of the
extremal function is related to the mean curvature of distribution orthogonal
to F .
In the last section we give some examples. We consider a foliation by circles
on a torus in R3, a foliation given by the distance function and a foliation by
spheres in a ring in Rn.
Notice that all results can be generalized to the case of foliations equipped
not necessarily with Lebesgue measures but arbitrary Borel measures. More-
over, the “global” Lebesgue measure μM could be replaced by any Borel mea-
sure. This follows from the original deﬁnition of p-modulus by Fuglede [8].
In particular, we could consider foliation on a smooth metric measure space
as it was pointed out by the anonymous referee. We focus only on the case of
Lebesgue measures, since the aim of the author’s PhD thesis [11], on which this
article is based, was to establish the relation between extrinsic and intrinsic
geometry of a foliation and p-modulus.
2. Modulus of a foliation. Let (M, g) be a Riemannian manifold, F a foliation
on M . Denote by μM and μL the Lebesgue measures on M and L ∈ F ,
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respectively. Let Lp(M) denote the space of all measurable and p-integrable
functions on M (with the norm ‖ · ‖p).
Lemma 1. Let A ⊂ M be a measurable set. Then μM (A) = 0 if and only if
μM ({x ∈ M : μLx(A ∩ Lx) > 0}) = 0.
In particular, if f ∈ Lp(M) is nonnegative, then the integral ∫
L
f dμL exists
for almost every leaf L ∈ F .
Proof. Let U = {U} be a (countable) cover of M such that for each U ∈ U there
is a submersion FU : U → NU with bounded Jacobian such that F deﬁnes a
foliation F on U . By Fubini’s theorem (compare (2)) there are constants c1, c1




μLy (Ly ∩ A ∩ U) dμN ≤ μM (A ∩ U) ≤ c2
∫
NU
μLy (Ly ∩ A ∩ U) dμN ,
where Ly = F−1(y). Thus A is of μM -measure zero if and only if the set
{x ∈ M : μLx(A ∩ Lx) > 0} is of μM -measure zero. 
Let L be an arbitrary subfamily of F . In the space Lp(M) consider the
family admp(L) of all nonnegative functions f such that
∫
L
f dμL ≥ 1 for
almost every L ∈ L. Functions belonging to this family are called admissible.




if admp(L) 	= ∅ and modp(L) = ∞ otherwise.
We say that f0 ∈ admp(L) is extremal for the p-modulus of the family
L if modp(L) = ‖f0‖p. We will show later (see the considerations preceding
Corollary 11) that an extremal function for the p-modulus of a foliation (i.e
L = F) is unique up to sets of measure zero.
For a family L ⊂ F denote the union of the leaves L ∈ L by ⋃L. In
particular,
⋃F = M .
Proposition 2 [8]. The modulus has the following properties.
1. If L ⊂ F and ⋃L is measurable, then modp(L) ≤ modp(F).
2. If F = L1 ∪ L2 ∪ · · · and
⋃Li is measurable for all i, then modp(F)p ≤∑
i modp(Li)p.
3. modp(L) = 0 if and only if there is f ∈ admp(L) such that
∫
L
f dμL = ∞
for almost every L ∈ L.
4. If f ∈ Lp(M), then there is a subfamily L such that modp(L) = 0 and
f ∈ L1(L) for almost every L ∈ F\L.
5. If fn → f in Lp(M), then there is a subsequence (fni) of (fn) and a
subfamily L ⊂ F such that modp(L) = 0 and fni → f in L1(L) for
almost every L ∈ F\L.
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3. Existence and properties of the extremal function. Let M be a Riemannian
manifold, F a foliation on M .
Theorem 3. There is an extremal function f0 for the p-modulus of F if and
only if for any subfamily L ⊂ F such that μM (
⋃L) > 0, we have modp(L) > 0.
Proof. (⇒) Suppose there is a family L ⊂ F such that μM (
⋃L) > 0 and




f = ∞ for almost every leaf L ∈ L. Moreover, there is some n > 0









Then f˜0 is admissible for F but ‖f0‖p > ‖f˜0‖p. Contradiction.
(⇐) It suﬃces to show that admp(F) is closed in Lp(M). Indeed, any closed
and convex set in a Banach space contains an element of smallest norm and,
as can be easily shown, admp(F) is convex. Take a sequence (fn) of admissible
functions converging to f . Then f ∈ Lp(M) and f ≥ 0. By Proposition 2





fdμL for every L ∈ F\L. Hence
∫
L
fdμL ≥ 1 for every L ∈
F\L. Since, by assumption, μM (
⋃L) = 0, we get that ∫
L
fdμL ≥ 1 for almost
every leaf L ∈ F . Thus f is admissible. 
Put
F∞ = {L ∈ F : μL(L) = ∞} and M∞ =
⋃
F∞.
Corollary 4. If μM (M) < ∞ and there exists some extremal function for the
p-modulus of F for some p > 1, then μM (M∞) = 0.
Proof. Function f = 1 is admissible for F∞ and satisﬁes the condition 3.
of Proposition 2 (for F∞). Hence modp(F∞) = 0. Thus, by Theorem 3,
μM (M∞) = 0. 
We will specify conditions for the existence of an extremal function in the
case of a foliation given by the level sets of a submersion.
Let Φ : M → N be a submersion between Riemannian manifolds. Then
there is the decomposition
TM = VΦ ⊕ HΦ,
where VΦ = kerΦ∗ and HΦ = (VΦ)⊥. The diﬀerential Φ∗ : HΦ → TN is
a linear isomorphism. Denoting its dual as Φ∗ : TN → HΦ, we deﬁne the
Jacobian JΦ of Φ as follows
JΦ =
√
det(Φ∗ ◦ Φ∗ : HΦ → HΦ).














⎟⎠ dμN , (2)
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for any nonnegative and measurable function f .
Proposition 5. Assume a foliation F is given by a submersion Φ : M → N




Proof. Suppose μM (
⋃
(L\F∞)) > 0. Then there is a subfamily L′ of L such
that μM (
⋃L′) > 0 and μL(L) < ∞ for any L ∈ L′. By Proposition 2(3) there
is an admisible function f such that
∫
L
f = ∞ for almost every leaf L ∈ L.


































dμL = ∞ for almost every L ∈ L′. (3)















⎟⎠ dμN = ∞.
Contradiction ends the proof. 
Corollary 6. Assume a foliation F is given by a submersion Φ : M → N . As-
sume JΦ < C for some C and μM (M) < ∞. Then there exists some extremal
function for the p-modulus of F (for any p > 1) if and only if μ(M∞) = 0.
Proof. (⇒) Follows by Corollary 4.
(⇐) Assume μ(M∞)=0. Take L ⊂ F such that modp(L) = 0. Then L ⊂ F∞
by Proposition 5. Hence μ(
⋃L) ≤ μ(M∞) = 0. Therefore Theorem 3 implies
that there exists some extremal function for F . 
In the end of this section, we state some properties of an extremal function.





f0dμL = 1 for almost every leaf L ∈ F ,
2. f0 is positive.
Proof. (1) Put Mf0 = {x ∈ M :
∫
Lx
f0 dμLx < ∞}. By Proposition 2(3) and






, x ∈ M.
Then f is admissible, f ≤ f0, and ‖f‖p ≤ ‖f0‖p. Since f0 is extremal, we have
‖f‖p = ‖f0‖p. Therefore f = f0, so
∫
L
f0dμL = 1 for almost every leaf L ∈ F .
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(2) Suppose there is a set A of positive and ﬁnite measure such that f0 = 0
on A. Put
A1 = {x ∈ A : 0 < μLx(Lx ∩ A) < ∞},
A2 = {x ∈ A : μLx(Lx ∩ A) = ∞},
A3 = {x ∈ A : μLx(Lx ∩ A) = 0}.
By Lemma 1 μM (A3) = 0. Hence we may assume A = A1∪A2. Let us consider
two cases:
(i) μM (A2) = 0. Then we may assume that A = A1. Denote by B the set of
all points x ∈ M\A such that the leaf Lx through x meets A on the set





μLx (Lx∩A) x ∈ A
tf0(x) x ∈ B
f0(x) x ∈ M\(A ∪ B)
.
Then f ≥ 0 and ∫
L
fdμL = 1 for almost every leaf L ∈ F . Moreover,






Hence ‖f‖p < ‖f0‖p if and only if the function
α(t) = (1 − t)pC + (tp − 1)‖f0|B‖pp, 0 ≤ t ≤ 1,
is negative at some t. Existence of such t follows from the fact that α(1) =
0 and α′(1) = p‖f0|B‖pp > 0 (f0 does not vanish almost everywhere on
B).
(ii) μM (A2) > 0. Denote by B the set of all points x ∈ M\A such that the
leaf Lx through x meets A2 on the set of positive measure. For a ﬁxed




ε x ∈ A2
tf0(x) x ∈ B
f0(x) x ∈ M\(A2 ∪ B)
.
Then f ≥ 0 and ∫
L
fdμL = ∞ if μM (A2 ∩ L) > 0 and
∫
L
fdμL = 1 for
remaining leaves. Moreover,
‖f‖pp = εpμM (A2) + tp‖f0|B‖pp + ‖f0|M\B‖pp.
Thus ‖f‖p < ‖f0‖p if and only if the function
α(t) = εpμM (A2) + (tp − 1)‖f0|B‖pp, 0 ≤ t ≤ 1,
is negative at some t. This is clear by choosing ε and t small enough
(again, as before, ‖f0|B‖p > 0).

Remark 1. Proposition 7(1) was ﬁrst established in [3] but obtained under the
assumption of continuity of the extremal function.
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4. The integral formula. Let M be a Riemannian manifold, F a foliation on
M . Assume there exists some extremal function f0 for the p-modulus of F .
Lemma 8. If ϕ ∈ Lp(M), then ϕ ∈ L1(L) for almost every leaf L ∈ F .
Proof. It follows immediately by Theorem 3 and Proposition 2(4). 




ϕdμLx , x ∈ M,
is well-deﬁned.





fp0 ϕˆ dμM , (4)
for any function ϕ ∈ Lp(M).
Proof. Firstly, notice that in the deﬁnition of the p-modulus we may consider
admissible functions which are not necessarily non–negative. Indeed, if f ∈
Lp(M) and fˆ ≥ 1, then its non–negative part f+ is admissible, since fˆ+ ≥
fˆ ≥ 1. Moreover, modp(F) ≤ ‖f+‖p ≤ ‖f‖p.
Let ϕ ∈ Lp(M). Assume ess sup|ϕˆ| < ∞. Put
α = ϕ − f0ϕˆ.
Then α ∈ Lp(M) and αˆ = 0. Consider the following one parameter family of
functions
ft = f0 + tα, t ∈ R.
Since f0 and α are both p-integrable, it follows that ft is also p-integrable for
all t. Moreover, by Proposition 7, fˆt = 1. Thus ft is admissible. Fix ε ∈ (0, 1)
and consider a set Mε = {x ∈ M : f0(x) + εα(x) > 0}. Fix x ∈ Mε and let
β(t) = |ft(x)|p = (f0(x) + tα(x))p, t ∈ (0, ε). By the mean value theorem,
there exists θ(x) ∈ (0, t) such that β(t) − β(0) = tβ′(θ(x)), hence
1
t
(|ft(x)|p − |f0(x)|p) = p(f0(x) + θ(x)α(x))p−1α(x), x ∈ Mε.










for ε suﬃciently small. Notice that the function θ is measurable, as ft, f0, and
ϕ are measurable. By the inequality
(f0 + θα)p−1α ≤ (f0 + α)p−1α ∈ Lp(M),
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Replacing α by −α, we get (4).
Let us now get rid of the assumption ess sup|ϕˆ| < ∞. Let ϕ ∈ Lp(M), and
put Mn = {x ∈ M : |ϕˆ(x)| ≤ n}. Deﬁne ϕn equal to ϕ on Mn and f0 outside
Mn. Then, by the ﬁrst part of the proof,∫
M
fp−10 ϕn dμM =
∫
M
fp0 ϕˆn dμM .





fp0 ϕˆ dμM .
By the absolute continuity of the Lebesgue integral, we get (4). 
Remark 2. We wish to notice that Theorem 9 can be obtained with the use
of Badger’s general criterion for the existence of the extremal function for the
Fuglede p-modulus [2], and, in fact, the proofs are similar in a sense. The
“original” proof by the author of [11] is more elementary but with a little bit
stronger assumptions.
Notice that (4) forces f0 to be extremal for the p-modulus of F , assuming
that an extremal function exists. Indeed, assume (4) holds, where f0 is some
admissible function for the p-modulus of F . Let ϕ be admissible. By (4) and






















Therefore f0 is extremal for the p-modulus of F . Summarizing we have the
following characterization.
Corollary 10. Assume there is some extremal function for the p-modulus of F .
Then the admissible function f0 is extremal if and only if the integral formula
(4) holds.
Moreover, it is well known that the extremal function is unique (up to
sets of measure zero). This follows by Clarkson’s inequality. We show how to
prove uniqueness of f0 with the use of Proposition 7 and Corollary 10. Indeed,
assume f0 and g0 are both extremal for the p-modulus of F . Then∫
M
fp−10 g0 dμM =
∫
M
fp0 gˆ0 dμM =
∫
M
fp0 dμM = ‖fp−10 ‖q‖g0‖p,
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where 1p +
1
q = 1, since ‖g0‖p = modp(F) and ‖fp−10 ‖q = modp(F)
p
q . By
Ho¨lder’s inequality g0 and f
p−1





cgp0 for some positive constant c. Since ‖f0‖p = ‖g0‖p, we get f0 = g0.
As a next corollary we obtain the formula, ﬁrstly proven in [10] using a
diﬀerent approach, for p-modulus and the extremal function f0 of a foliation
given by the level sets of a submersion.
Corollary 11. Assume there is the extremal function f0 for the p-modulus of


























Proof. By Fubini’s theorem (2), for any p-integrable function ϕ, we have (q is















































Therefore formula (4) holds with f0 = JΦ
q−1
̂JΦq−1
. Thus, by Corollary 10, f0 is
extremal for the p-modulus of F . 
Remark 3. It seems that we can derive the formula for the extremal function
in a more general case. This follows from the fact that the formula (5) does
not depend on a choice of the Riemannian metric on N .
Assume that the holonomy of F is ﬁnite. The normal bundle to F can be
treated as the quotient TM/TF . Moreover, we have a natural projection Φ∗ :
TM → TM/TF . Since the holonomy is ﬁnite, there is a holonomy invariant
metric on TM/TF . Thus we may speak about JΦ.
If additionally the leaf space M/F is Hausdorﬀ, then it has a structure
of an orbifold and the natural projection Φ : M → M/F is a morphism of
orbifolds [14]. Up to sets of measure zero, Φ is smooth, and we may consider
the diﬀerential Φ∗ and, again, deﬁne JΦ.
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By the integral formula (4), we obtain some results concerning the geometry
of a foliation.
Corollary 12. Let F be a foliation on M with closed leaves. Assume that the
extremal function f0 for the p-modulus of F exists and is C2-smooth. Then the
mean curvature HF⊥ of the distribution F⊥ orthogonal to F is of the form
HF⊥ = (p − 1)(∇(ln f0)). (6)
In particular, f0 is constant on leaves of F (hence f0 = 11ˆ ) if and only if the
distribution F⊥ is minimal.
Proof. Let X be any compactly supported vector ﬁeld tangent to F . Denote
by divFX the divergence of X with respect to the leaves of F . Then
divFX = divX + 〈HF⊥ ,X〉.
Since for any smooth function f we have
div(fX) = fdivX + 〈∇f,X〉,



























fp−20 〈f0HF⊥ − (p − 1)∇f0,X〉dμ.
Taking X = ψ(f0HF⊥ − (p − 1)∇f0), where ψ is a function on M with
compact support, we get (6). Moreover, by (6), F⊥ is minimal if and only if
f0 is constant along leaves, hence f0 = 11ˆ . 
Corollary 13. Let F be a Riemannian foliation on M with closed leaves. As-
sume that the extremal function f0 for the p-modulus of F exists and is C2-
smooth. Then f0 is constant on leaves of F .
Proof. Follows from the Corollary 12 and the fact that the distribution or-
thogonal to Riemannian foliation is totally geodesic, hence minimal. 
5. Examples. In this section we present some examples, in which we derive
formulae for the extremal functions. Moreover, we show how the geometry of
a foliation is reﬂected in the behaviour of the extremal function. This justiﬁes
the use of Corollary 13.
The search for the “best” foliation on a Riemannian manifold or the best
level sets in the doubly-connected set based on p-modulus approach has been
considered by the author of [11]. The approach involves considering the vari-
ation of p-modulus functional and ﬁnding foliations being critical points of
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this functional. The results in this article are crucial in those considerations.
Here we only demonstrate simple examples of “best” foliations and extremal
functions they induce.
5.1. Foliation by circles on a torus in R3. Consider a torus T in R3 given
parametrically
(α, β) → ((R + r cosα) cosβ, (R + r cosα) sinβ, r sinα),
and let F be a foliation on T given by the submersion Φ(α, β) = β. Then F
is a foliation by circles of radius r. After some computations we get that the
extremal function f0 for the p-modulus of F is of the form
f0 = C(R + r cosα)
−1
p−1 ,
for some positive constant C. Hence, by Corollary 12,
HF⊥ =
sinα






which is the curvature of the orthogonal foliation F⊥ by circles of radii R +
r cosα on the torus T.
5.2. Foliation by a distance function. Let L0 be a closed hypersurface in Rn.
Let U be any of the two connected components of Rn\L0. Consider a distance
function from L0,
ρ(x) = dist(x,Lx), x ∈ Rn.
Let F be a family of level sets of ρ. There is a neighborhood M of L0 in U , in
which ρ is smooth and F is a foliation on M , see [7]. Moreover, |∇ρ| = 1 on






hence is constant on the leaves. Clearly, F is Riemannian and the orthogonal
distribution F⊥ is totally geodesic (compare the Corollary 13).
In particular, if M = {x ∈ Rn : r1 < |x| < r2} is a ring and the foliation
F is given by the spheres of radii r ∈ (r1, r2), then (in spherical coordinates)
f0(r, α1, . . . , αn−1) = Cr1−n,
for some constant C depending on the dimension n.
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